ABSTRACT. Distribution functions of ratio block sequences formed from sequences of positive integers are investigated in the paper. We characterize the case when the set of all distribution functions of a ratio block sequence contains c 0 , the greatest possible distribution function. Presented results complete some previously published results.
Introduction
In this part we recall some basic definitions. Denote by N and R + the set of all positive integers and positive real numbers, respectively. For X ⊂ N let X(n) = #{x ∈ X : x ≤ n}. In the whole paper we will assume that X is infinite. Now let X = {x 1 
is called the ratio block sequence of the set X. Thus the ratio block sequence is formed by blocks X 1 , X 2 , . . . , X n , . . . where the nth block is
This kind of block sequences were studied in papers [12] , [14] and [3] . Also other kinds of block sequences were studied by several authors, see [1] , [6] , [7] , 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 11B05. K e y w o r d s: asymptotic distribution function, ratio block sequence. Supported by grant MSM 6198898701, and VEGA no. 1/4006/07.
[9] and [13] . Let Y = (y n ) be an increasing sequence of positive integers. In [8] , extending a result in [5] , it was investigated a sequence of blocks of the type
Authors obtained a complete theory for the uniform distribution of the related block sequence (Y n ).
By distribution function we mean any function f :
and f is nondecreasing in [0, 1]. We will use the following special distribution function:
For the block sequence (1), for n ∈ N and x ∈ [0, 1] denote
Then we can attach to the sequence of blocks (X n ) and to the block sequence (1) the following distribution functions
Denote G(X n ) the set of all distribution functions g(x) of the sequence of single blocks (X n ) for which there exists an increasing sequence of indices (n k ) such that lim
almost everywhere (abbrev. a.e.) in [0, 1] . Similarly G(x m /x n ) denotes the set of all distribution functions g(x) of block sequence (1) for which there exists an increasing sequence of indices (N k ) such that lim
a.e. in [0, 1] .
If the set G(X n ) is a singleton G(X n ) = {g(x)} then we say that the sequence X n has the asymptotic distribution function g(x) (abbrev. a.d.f.). Similarly if G(x m /x n ) = {g (x)} then we say that the block sequence (1) of the set X has a.d.f. g (x). In these cases
and lim
hold for almost all
= x} then we say that the sequence (X n ) is uniformly distributed (abbrev. u.d.), resp. the block sequence (1) of the set X is uniformly distributed.
Distribution functions of the sequence X n and the block sequence (1) of the set X were first investigated in paper [12] . Much more information about the mentioned concepts and their relations can be found in the monograph [11] .
In this paper we will use also the following theorems.
is equivalent to the existence of two integer sequences (m k ) and (n k ) such that 
Results
In [4] the following question is asked (Question 3, see also [10] ). Prove or disprove
We disprove this statement by counterexample and then we show that, after a slight modification of the left side condition in (3), the equivalence holds. 
and
We will construct the set by induction. Put a 1 = 9 and define inductively a n+1 the closest odd integer to the number a 3 2 n for n = 1, 2, . . . . For n ∈ N define
A n . Notice that the kth block of X, the set A k , contains exactly a k consecutive natural numbers with a k as the middle term of the block. Thus the sum of all elements belonging to the kth block is
A simple calculation shows, assuming x n ∈ A k+1 , that 
DISTRIBUTION FUNCTION OF BLOCK SEQUENCES
P r o o f. First we will prove the implication =⇒. Let K > 0 be arbitrary. Then there exists a sequence (n k ) of positive integers such that
Then for every x ∈ (0, 1) we have
By (7) and a simple calculation
we obtain that the inequality
Now we prove the reverse implication. Suppose c 0 ∈ G(X n ). Theorem 1 gives the existence of integer sequences (m k ) and (n k ) such that
Thus for each ε > 0 there exists a k 0 ∈ N such that for all k > k 0 the inequality
Now we are going to show that if the set G(x m /x n ) = {g(x)} is a singleton and lim inf n→∞ x n x n+1 < 1 then g(x) is necessary equal to c 0 (x).
First we prove the useful lemma.
then for every ε > 0 there exists n 0 ∈ N such that
holds for all n > n 0 .
P r o o f. Let x ∈ (0, 1) and (8) holds. Suppose that there exists an ε > 0 and increasing sequence (n i ) of positive integers such that
Then
Using (9) and the fact that the sequence A(X k , x) is increasing with respect to k we obtain 
